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ABSTPAC? 

The purpose of this paper is to provide a fornal 
thr^^-step explication of a question that has been traditionally 
viewed as fundanental to developsental theory construction and 
explanation: Is behavioral developnent continous or discontinuous, or 
is it both? First, a prelininary structural definition of behavioral 
developnent involving a certain donain of elenentary phenomena 
("behavioral events in living systeos**) and a certain elenentary 
relation ("precedes in time") is presented and rationalized. Second, 
fornal nodels derived fron the continuous connected straight line of 
classical nathenatlcs are constructed for each of the following 
issertations: (1) Behavioral developnent is continuous. <2) 
Behavioral developnent is discontinuous. (3) Behavioral developnent 
is partially discontinuous. Third, the differences between the 
respective formal nodels are sunnarized. It is shown that each of the 
three nodels can be applied to any narrowly defined behavioral 
content area whatsoever and that, taken together, the nodels entail a 
new enpirical approach to the old question of whether or not 
behavioral developnent in this or that content area is continuous. 
(Author/CS) 
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FORMAL MODELS OF CONTINUITY. DISCONTINUITY, AND PARTIAL 
DISCONTINUITY FOR BEHAVIORAL DEVELOPMENT 
Charles J. Brainerd 
Center for Advanced Study in Theoretica l Psychol ogy — Un 1 versi ty ojf Alberta 

The meaning of the question, "Is behavioral development continous 
or discontinuous or is it both?" is formally explicated in three steps. 
First» a prt»l iminary structural definition of behavioral development 
involving a certain domain of elementary phenomena ("behavioral events 
in living systems") and a certain elementary relation ("precedes in time") 
is presented and rationalized. Second, formal models derived from the 
continuous connected straight line of classical mathematics are constructed 
for each of the following assertions: (1) Behavioral development is 
continuous. (2) Behavioral development is discontinuous. (3) Behavioral 
development is partially discontinuous. Third, the differences between 
th3 respective formal models are summarized. It is shown that each of 
the three models can be applied to any narrowly defined behavioral content 
area whatsoever and that, taken togetfier, the models entail a new empirical 
approach to the old question of whether or not behavioral development in 
this or that content aroa is continuous. 
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The purpose of this paper is to provide a purely formal explication 
of a question that traditionally has been viewed as fundamental to developmental 
theory construction and explanation: Is behavioral development continuous or 
discontinuous or is it both? To avoid repetition, this will be termed 
"the continuity question" hereafter. Historically, this question has 
been one of the most disputed issues in the foundations of developmental 
psychology. For example AUSUBEL and SULLIVAN recently have observed 
that "Second only to the nature-nurture controversy has been the great 
debate over whether development in [sic] a process of gradual quantitative 
and continuous change, or whether it is characterized by abrupt, uneven 
and discontinuous changes which are qualitatively different from one 
another [1970, p. 98]." 

Al though the question of whether or not specific domains of phenomena 
are continuous has been examined with definite profit in mathematics, the 
physical sciences, the biological sciences, a even some areas of psychology 
[e.g., BOWER and TRABASSC, 1963; WERTHEIMER, 1972], the continuity 
question has proved singularly intractable with reference to behavioral 
developnent. This causes one to wonder why developmental psychology 
should be an exception >o the rule. The most prevalent current opinion 
seems to be that, for whatever reasons, the continuity question becomes 
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Inhorently intractable when it is applied to behavioral development 
[e.g.. cf. AUSUBLL and SULLIVAN, 1970], There is another explanation 
however. It seems very probable that the intractability of the con- 
tinuity question stems from the veritable plethora of meanings that have 
been assigned to the terms "continuous" and "discontinuous" by develop- 
mental psychologists. Here, I am referring to the meanings that have 
been assigned to these terms vis-a-vis behavioral development in general , 
rather than meanings that have been employed with reference to some 
narrowly defined behavioral content area [e.g., KAGAN, 1971]. While 
these terms have been assigned rather precise meanings in mathematics 
and the physical sciences, vague and sometimes contradictory definitions 
characterize the developmental literature. To illustrate, consider 
WERNER'S [1957] and AUSUBEL and SULLIVAN'S [1970] repectivc definitions. 
WERilER specifically excludes from his definitions of "continuous" and 
"discontinuous" certain notions, such as "quantitative" and "qualitative," 
which AUSUBEL and SULLIVAN incorporate as essential components of their 
definitions. PIAGET'S definitions of the same two concepts [e.g., PIAGET, 
1956, 1960] constitute yet another distinct position in which obscure 
notion- %uch -»s "equilibration" and "structural change" are viewed as 
cssf?ntid1 . 

In short, there si'cms to ho fiir.ple eviclonco that f»r. explication of 
the r.uMnirKj'> of "conl-.inijou->" and dir.continuour." as tho^ apply to behavioral 
dcvol opi,;oiit: in qoruvdl i^^ very i:iuch in ordor. Ratlicr than alter.ipt to 
rovicv/ .in<l a.vily/e all thr}t h.is boeri said ribout thcc notions in tho 
dev:?loprv'nhfil ] itrrnUirCy I 'ihall employ a purely fornMl modo or expli- 
CAtinn. To i.iy r;iind, tho prinf. ipdl virturo of sucli an 'ippro.ich i:^ lh,i{. 
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it allows us to establish the basic points of difference and agreement 
without the incursion of extraneous meanings. The explication proceeds 
in three steps. First, behavioral development is tentatively defined 
in terms of two primitive concepts wh^ch it presupposes. Because the 
two defining concepts are viewed as primitive herein, they are not them- 
selves defined in any strict sense. However, certain descriptive assump- 
tions are made about each and a rationale for choosing them as defining 
attributes of the concept of behavioral development is presented. Second, 
three formal models are proposed which define continuity, discontinuity, 
and partial discontinuity with reference to the continuous connected 
straight line. A developmental interpretation of each model is generated 
simply by assigning the primitive concepts that behavioral development 
presupposes as interpretations of the variables of each model. Once 
the variables are so interpreted, each model becomes an axiomatic definition 
of onG of the following statements: (1) Behavioral development is 
continuous. (2) Behavioral development is discontinuous. (3) Behavioral 
dovaloprrent is partially discontinuous. Third, the key differences 
between tho models are summarized and possible new approaches to the 
empirical study of the continuity question are discussed, 

DL'fora proceedlrg, it snoulu be- noted that the 'vrit^r takes no 
PrJpi*! position coMccrniny which of the three formal models to be pro- 
posocl proyif!(.r^ thft bsst chyrdcterization of behavioral development. 
AU.hou'jh Ih-rirP! cm b'j liitlo doubt that the a prioH preferences of most 
workin-j devploptnental psychologists would lie with the continuity model 
[o.g., cf. KF.SGEN, 196?], the writer viows the validation of the respective* 
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models in specific behavioral content areas as puraly smpirical question. 
Preliminary Definition of Behavioral Devel opmen t 

As is always the case with formal analyses of scientific constructs, 
we must begin with a definition of the domain of interest in terms of 
certain undefined notions. This is necessitated by the fact that models 
of the type we shall consider establish relationships between uninterpreted 
symbols, rather than between specific classes of referent phenomena. A 
model of this type can be said to be a model of some given domain of 
interest (e.g., behavioral development in our case) only if the symbols 
have been assigned the undefined notions of that domain as interpretations. 
Hence, our first task must be to arrive at some intuitively reasonable 
formulation of the rudimentary ideas that "behavioral development" pre- 
supposes. 

The Definition 

I shall characterize behavioral development in terms of a certain 

domain of elementary (for psychology) phenomena and a certain relation on 

that domain. Consider a nonempty set D whose members ars symbolizad Xi , x 

—1 • -2 * 

Xj, ... and a relation T on D. If each of the [x^ x^, x^ ...] e D is 

assigned the interpretation "a bahavioral event in a living system" and 

tho relation T on D is assigned the interpretation "precedes in time," 

then we shrill say that tho system [D, T] comprises a formal definition of 

b«hivioral development. Under these interpretations, all expressions of 

tho forn x.Tx. are read: The behavioral event x. precedes the behavioral 

event x- in tin;?.', wher? it is understood that (x. , x.) -D. D and T are 

"2. "J. 

tho only undoflnod notions that we shall require to interpret our Vhret? 
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iJK)(lels and to expl icate the terms "continuous" and "discontinuous" as 
they apply to behavioral development. 

Although behavioral events in living systems must be left (strictly 
spaakincj) undefined, two further assumptions are made about these elemen- 
tary phenomena. First, in view of the fact that developmental psychology 
purports to be an empirical rather than a rational discipline, we shall 
stipulate that the X;j , k^, x^, ... are at least potentially measurable. 
Second, we shall stipulate that our knowledge of the meaning of "a behav- 
ioral event in a living system," while quite obviously informal, is 
sufficiently precise to allow us to employ the notion without blatant 
inconsistency. 

To avoid subsequent repetition, we shall stipulate here that the 
relation T is a si.nple ordering relation and that the system [D, T] is 
cppplQtely unbou nded. Concerning the former point, to say that T is a 
simple ordering relation is to say that it is both asymmetrical and 
transitive. Thdt is, 

(1) tor any non.dentical (x., x.) cD, either xjx. or xjx. but 
not both [r-iymctry'], and 

(2) for riny nonidentical (x. , x_., x^) cD, if x.Tx_. and XjTX|^, then 
XjTxj^ also ftransitivty]. 

Ccncorninr) the latter point, to sny that [D, Tj is completely 
unbo'jnd^Kl ifi to say that D i<; not known to have either a "first" element 
or d "la"»t" ole?]:«nt. Th.it ii, 

(3) ther" is no x- ^. D such th.it x-Tx^ for every other nonidontical 
X. - f) [lov/'jr unfjotjnrlo''lr!'?s-i] , and 
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(4) there is no tD such that XjTx^ for every other nonldentical 
Xj f. D [upper unboundedness]. 
Rationale 

The undefine d notions . I do not believe that there can be any serious 
objection to employing the relation "precedes in time" as a defining 
attribute of behavioral development. While it must be aclcnowl edged that 
no ayreer^ent exists on the fine details of how the concept of development 
is to be defined vis-a-vis behavior [e.g., compare ANDERSON, 1957; NAGEL, 
1957; WERNER, 1957], there is^ extensive agreement on the following point: 
Whatever else it may entail with regard to specific domains of application 
(biology, psychology, etc.), development always denotes a tjme ordered process 
in a living system [HARRIS, 1957; WOHLWILL, 1970]. 

There appear to be two prima facie objections that can be lodged 
against using "a behavioral event in a living system" as a defining 
attribute of behavioral development. First, although there probably would 
be few objections to treating behavioral events as elementary phenomena 
in most other branches of psychology, developmental psychologists 
traditionally have though: of themselves ds studying behavioral changes 
within and between generations. Hence, it might reasonably be argued that 
o.Kh of tho X J , x^, X3, ... should be assigned the interpretation "a 
boh-iviurdl chj/i'je in a living system." Although this interpretation seems 
intuitiv-Iy .jppropriate, it can bo vitiated on both logical and empirical 
ground-. Logically, tho notion "b^-hdvioral ch.jnge" is not elementary. 
In fact, it i» compoundMJ from and can be roducod to (i.e., satisfactorily 
defin'yrJ in ter.nr, of ) i::^? domain D ,ind the relation T un!or their stated 
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interpretations. Behavioral changes, at least those studied by develop- 
mental psychologists, are inferred differences between behavioral events 
measured at different times. The most rudimentary example of a behavioral 
change would be an inferred difference between two elementary behavioral 
events (perceptual dlbcrinii nations scores on a personality test, etc.) 
measured at different times. Hence, we may define the concept "behavioral 
change" as that special subset of the set of all expressions of the form 
x-Tx^ whose members satisfy the additional requirement that x^ / x^. 
Empirically, it usually is deemed essential that the elementary phenomena 
of any scientific discipline be directly measured. Although behavioral 
events in living systems are satisfactory in this respect, behavioral 
changes quite obviously are not. 

The second objection to treating behavioral events in living systems 
as the elementary phenomena of behavioral development is that if we accept 
the testimony of the biological sciences, behavioral events are neither 
irreducible nor unanalyzable. Quite to the contrary, they appear to be 
reducible to more basic physiological and experiential events. The 
objection, then, is this: If v/e admit at the outset that behavioral events 
are not irreducible in some ultimate sense, then is it not logically 
inappropriate to treat them a-; elementary phenomena in any definition? It 
turns out that this usricje is not logically flawed because it is simply 
incorrect to suppose that the inclusion of a certain class of occurrences 
d'i elementary phononena is a given definition somehow entails that these 
occurroncf."-. r?ro irreducible in Sony? ultinnto sonr.e [cf. RUSSELL, 1948]. 
In^itPrid, It is poisiblo to view certain phenomena as clerrfintary for pur- 
poses of '-.orf? nperific formal dofinition. whilo s invjl taneou'.ly acknowlcdrjing 

;;oooo 



that they are characteri7od by a complex structure*. Regardless of 
whether the elementary phenomena of a formal definition are or are not 
ultimately irreducible, the expressions that result from combining the 
symbols that represent these phenomena in formal models will be exactly 
the same. Therefore, we may treat behavioral events as elementary 
phenomena for the sake of defining behavioral development and simul- 
taneously admit that there are more basic levels of analysis. For those 
who find this situation somewhat counterintuitive, it should be noted 
that a quite analogous situation has existed for some time in theoretical 
physics. On the one hand, space-time loci are viewed as elementary for 
purposes of formally defining the concept "matter" while, on the other 

hand, space-time loci are definable for other purposes [russELL, 1928, 
1948], 

Properties of the undefined notions . As was the case for the 
relation "precedes in time" itself, there appear to be no serious object- 
ions that can be lodged against the assumption that this is a simple orderi 
relation. Our common sense conception of this relation implies both 
asy:'fretry and transitivity: For every pair of distinct occurrences A 
and B soprird'-.cd by sonc temporal Interval, if we are given that A occurs 
hr-fforf: 3, then we invariably conclude that tho reverse is not true; 
for ovov triplet of distinct events A, B, and C, if we are given that A 
occur:, before B and B occurs before C, then we invariably conclude that 
A occur-, bofnro C. In addilion to our con.inon sense conception. fonn.O 
thf?ori-.'3 of tc'iporal rolationo (e.g., those of physics) routinely assign 
th*> prop^'rty of siciplo ordering to time [RUSSELL, 1903]. 
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The complete unbouncledness of [0, T] under the stated interpretations 
is less obvious tlian the simple ordering of T. In fact, it can be argued 
that the system has both an upper and a lower bound. This argument turns on 



beginning (conception) and the assumption that it has a definite end (death). 
Although these objections may seem well-talcen, both reflect ontogenetic 
myopia. That is, they implicitly assume that behavioral development is 
synonymoui with ontogenesis. This assumption is unwarranted. It is widely 
conceded that the concept of behavioral development must include both onto- 
genesis and phylogenesis [HARRIS, 1957]. Both lower and upper boundedness 
are specifically proscribed in modern evolutionary theory for the following 
reasons. Lower boundedness may be tal^en both to inply special creation of 
some sort and to imply that a sharp line can be drawn between living and non- 
living organic compounds. Upper boundedness entails that evolution either 
has coascd or will cease Jt some future time. 



We shall consider formal models of continuity, discontinuity, and partial 
discontinuity in this section. Before proceeding, however, some historical 
rtm-jrks about the concept of continuity are in order. Since the time of 
Py';haqo'*d: u.id his brotl/ir icoi;, tl-.e contin'jous connect<:c' straight line L has 
bjoii accoptfid ds the O!':')0..liiiient of tha concept of continuity [RUSSELL, 1903]. 



TnU i ., in both r-ithom-itics dnd thn empirical sciences, the assertion 
th'it tni-i or thjt zyTytfju) continuous traditionally h<-i:\ beon taken to 
n!-''!n t.]\\t I is a roprL"if!n tuition of that systom (i.e., a one-to-one 



the assumption that behavioral development in any organism has 



a definite 



Three Formal Models 
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corresponcLMico can be established between the elements of that system 
and the ooints of L). Since the discovery of higher-order contlnua, such 
as those Uiat characterize the complex numbers and the space-time manifold 
of relativity theory, L has also been called the firs t- order c ontinuum in 
in •"'icognition of the fact that other continua ultimately reduce to L. 

As was the case for behavioral development, L may be formally defined 
in terms of a certain domain of elements and a certain relation on that 
domain. Consider a nonempty set S whose members are symbolized s, , s,, s, ... 
and a relation P on S. If each of the isy Sg, s,, ...] eS Is assigned 
the interpretation "a point on a plane" and the relation P on S Is assigned 
the interpretation "to the left of," then the system [S, P] is a formal 
definition of L. The property of simple ordering is stipulated for P and 
the property of complete unboundedness is stipulated for [S, P]. 

Now, let us consider what it means to have a formal model of continuity . 
Consider some completely unbounded set of elements S* and a simple ordering 
relation p' on S'. Suppose that there is some function f that maps each 
and every elGmtjnt of S' with a unique element of S such that the relation 
P' i5 preserved the relation P. We shall denote this mapping U S' •> s. 
Bocauso L is our informil inodul of continuity, we can express continuity, 
di<5continLn ty , find pcvrtial discontinuity formally in terms of f S' >• s 

(I) ConLirujity. Bc'tween alj pairs of nonidentical points of L that 
arc-f iTMp;.i?i with olo;.ient=i of S', there are no points of L that arc not 
mtippofJ with L'k'MC^rit'i of 5'. In other words, for all pairs of nonidentical 
(ii » Sj) S such that s.Ps. and for all pairs of nonidGntical (s.', s.') -:S' 
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such thdt £: s . ' " s. and f; s,* ■> s. for every SyiS such that s.Ps.. 

ik^'ij :ht;re Is Some s.j^'-^S' such that f: Sj^* s^. In short, the 
mapping of [S', P'] onto L leaves no gaps on L. 

(2) Discontinuity. Between alj[ pairs of nonidentical points of L 
that are niapped with elements of S', there is at least one point of L 
that is not mapped with any element of S'. In other words, for all pairs 

of nonidentical (s . , s .) eS such that s.p£. and for all pairs of nonidentical 

§-j') = S' such that f: s . ' s. and f: ij* •> s.j, for some s^eS such 
that s.Ps^ and s,^Ps.j there is no S|^'cS such that f: s^' s^^. In short, 
the napping of [S', P'] onto L leaves gaps on L between every pair of 
nonidentical points on I.. 

(3) Partial discontinuity. Between some pairs of nonidentical 
points Of! L that are mapped with elements of S', there Is at least one 
point of L that is not mapped with any element of S'. In other words, for 
some pairs of nonidentical {s., s.) eS such that s.Ps^. and for some 

pairs of nonidentical (s^. ' , Sj')cS' such that f: s ^ ' ->- s^ and f: 

"i* -k ^"^'^ ^^"^^ "^^-^ ^^^^^ no Sj^'cS' such that 

I- ik' • .5|<- I" short, the mapping of [S, P'] onto L leaves gaps on L 
betv/een som^ pairs of nonidentical points on L. 

Formal analyses of L conducted during the nineteenth century by 
CA-ITOH [cf. RiJSStLL, 1003, chapters XXXV and XXXVI] and DEDEKIND [1901] 
indicated that for th? system [S', P'] to be a model of L (i.e., for jf: 
J- ► S to Ic-Tve no gaps on L), the system must satisfy six conditions: 
(!) asyrrjTOtry, (?) transitivity, (3) upper unboundedness, (4) lower 
unboun^lfjdn?s-, , (5) density, and (6) complotenes'^. Properties 1 through 
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'! cilr;:dJy hjw? buon consid.;rocl in conjunction with our formal definition 

of bolivyioral duvolopinont. Concerning property 5, S' is said to be "dense" 

if tlio foll;tv,iiKj ccfidition is satisfied: For every pair of nonidentical 

s.') S'such tiiat s.'P's.', there is some s. 'c5' such that s.'P's. ' 

and f'j^'P'S ; '. Thus, the density property stipulates that "between" every 

pair of noni ieritical eloinents of S' there is at least one other nonidentical 

elonvjnt. Concerning property 6, suppose that we partition [S', P'] into 

two subsystj.is [f!', p'] and [N', P'] such that s.'P's^.' for every s.tM' 

<'.nd ij'' 'I'. Hereafter, any such partitioning of a completely unbounded 

syston co;vpo:ed of a nonempty set and a simple ordering relation on that 

set will be termed an r.rdinal partition . The system [S', P'] is said to 

bo coi.iplct? if tha following condition is satisfied; For every ordinal 

p.irtltioi of S', if thoro is no S' M' such that s.'P's ' for every other 

-in — 1_ "fli 

Munid.Mtical s. ':M', then thsre may or may not be some s 'cN' such that 
' — n 

/n'^'.^j' ^^^^ ^'v^''"^ ot^'cjr nonidentical sy-M'. A system is called "incomplete" 
if thoro is div.iys sorr.e s. i ?!' such that s„'P's.' for every other 
roni'J.j.'iticil s.' N' vvhan^wor there is no s 'c M' such that s.'P's-'. In 

•. .r.n..'' , to.) 'jo 'i'loLcM'^r.s property stinulnto-; that when the "lower" segment 
n'" 'in or-[\r..\] pc'.rlition of any continuous system contains no "last" 
•'•' • ■-'» 'upp'.r" -jnt of th^t partition does not necessarily contain 
; "fir'.''/' r:] .. ;rii:J Cond i L i on > 1 throijfjli 5 normally are CdUod the 
r::- . . con-li ^ir,r.■. cont inui ty. Condition 6 normally is called the 
'...iff::: l c;.;] i tion for co.iUnui ty ; any system th,U satisfies this 
Or-', tio-i I-. 'on!:i;!()ir. . 
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Model I^: Co ntinul ty 

Sta tome'\t of the m odel . In this model, it is stipulated that all six 

conditions for continuity hold for the system [S', P']. If we map each 

and every element of S' with one and only one point of L in such a manner 

that the relation P' on S' is preserved by the relation P on L, then the 

outcome of this mapping must be the first of the three outcomes described 

above. To illustrate, suppose that there was some s^cS for which there 

was no s^'eS' such that U s^' •> Cj^. Logically, there are only two 

situations which could produce this result. First, there is some pair of 

nonidentical ( s^^ ' , !•') tS* such that f: s^' -> and f: Sj' -> for 

which there is no Sj^' such that l^-'P's^.' and Sj^'P'Sj* but there is some 

Sj^eS such that l^Ps^ and i^^Ps^. In other words, there is at least one 

point on L "between" tha two points with which s^* and s^' are mapped but 

there is no corresponding point between ' and s^.'. Second, for any 

ordinal partitioning of [S', P'] into the nonempty subsets M' and U\ 

vrfiencvcr th^^re is no s^'fM' such that s.'P's • for all -^ther nonidentical 

-m -in 

s. '-M' , there is always some s^'^N' such that L,'P's.' for all other 

—"I — n ""11 —y^ 

nonidentical l-'^N'. That is, W alv.-ays has a "first" element whenever 
M' doer, not have a "last" element. However, we know from condition 5 
abovo t'Mt the first situotion cannot arise in conjunction with [S', P'] 
anrj know from condition 6 above thot second situation cannot arise 
eiti'.er. Mf.'ncc, the r.MpDin^ of the elerrents of S' with the points of L 
niu'-. yiol'1 <i onn-to-onc corr(?sponf]GncG and, thorefore, the system [S', P'] 
is con t imintr, . 

Dpv-^loj; .rit.»] r' TU':-'.' ntition of Model I. Suppor.c tliut wo inl^.-rprct 
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S' as D and p' as T. Thnt is, each of the elements of our abstract 
domain are assigned the interpretation "a behavioral event in a living 
systeiTi" and our abstract simple ordering relation is assigned the 
interprt^tation "precedes in time." Because it already has been assumed 
that the properties of simple ordering and unboundedness hold for [D, T] 
independent of its continuity or discontinuity, it is the developmental 
ropresentdtions of conditions 5 and 6 that are the crucial aspects of 
this first model. By virtue of condition 5, we stipulate that [0, T] is 
dense. By virtuj of condition 6, we stipulate that [D, T] also is complete. 
Honce, if each and every behavioral event of D is mapped with one and 
only one point along L in such a manner that the I'elation "precedes in 
time" is preserved by the relation "to the left of", the mapping v/ould 
leavj no gaps on L. 

Nuinorical representation of th£ model . The system of real numbers 
is thr- appropriate nu.i^prical representation of Model I. That is, if S' 
is intorprctL'd as the set oF all real numbers and P' is interpreted as 
the relation "loss than," then the system [S', P'] is a model of the real 
nuinber^^ (or, alternatively, the system of real numbers satisfies the six 
condition- of Modol I). For present purposes we shall define the real 
nirhori ^y)<^.,h^t inforr'^lly as the union of the set of all rational 
ri j::;)' r-, cvul tho net of all irratioml numbers --v/h ere a rational number 
i'^ any nj .uor of t'no for.n a/n_ (v/here n^ is any number from the set 1,2, 
3, ... '»r.! a is any nu.^-^r from tho sf;t 0, ♦I, t3 ...) and an 
irrjtii.-i.jl fvi.i'u-^r io a n.j.uor that cannot be* expressed as a quotient of 
th*-; for::: d/n (f. It is v/oll -known that the axioms of th«} 
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roal nuinber system are the six properties of the continuous connected 
straujiit line L discu3f.od earlier [e.g., cf. BEAUMONT and PIERCE, 1963; 
FEFERMAN. 1964; TIIVEN, 1961]. That is, the real number axioms are our 
six conditions for continuity under numerical interpretations. In fact, 
the real numbers usually are considered the textbook illustration of a 
rroc'dl of L. 

ftodel H^: Disco ntinuity 

Statenient of^ the model . First, it is stipulated that conditions 1 
through 4 for continuity hold for [S', P'] but that conditions 5 and 6 
do not. Contrary to condition 5, it is stipulated that for every s^'eS* 
there is soire s.' for which there is no s. ' eS' such that s^'P's. ' 
and s^'P'sy. In view of the fact that condition 5 is a necessary pre- 
ra'}uir.it'? for condition 6, condition 6 does not hold for [S', P'] either. 
(If the system does not satisfy condition 5, then obviously there can 
be no ordinal parti ticn of the system in which the "lower" subset does not 
have a "last" elcRient.) 

Suppose that v/s now map each and every element of S' with one and 
only on? point of L in such a manner thar, the relation P' on S' is 
pros*?rvod by tha relation P on L. An informal proof shows that the result 
of the napping f: 5' - S r.u3t be the second of the three outcomes 
i\::,'zr\b-d'\ above. Consirlor sorre arbitrary s . ' '.S' md sor,n arbitrary 
3j •. S S'j-'i tiat f : s. ' ► s, . 

(I) By our ancientent of condition 5, thcro is some s.' cS' such 
tnat if '^j'P'Sj' then thore ii no .^j^' S' such th.it both o.'P's^' and 
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(3) Because condition 5 holds for the system [S, P], there is 

some s^ cS such that both s^.Psj^ and s^PSj. By statement 1, however, there 
is no s. • e S' such that both s.'P's. • and s^'P's.'. 

(4) By f : s. ' > s. and f : s_^' -> s^, then, there Is no s^' cS' such 
that £: s^' »■ s^. ~ ' 

(5) Because both s^' and s. were arbitrarily chosen, it follows that 
f: S* - S leaves a gap on L between any two nonidentical points (£. , s.) 
such that 1,-Ps^.-. 

Developmental representation of Model lU Suppose that we again 

interpret S* as D and P* as T. By earlier assumptions, the properties of 

simple ordering and unboundedness hold under these interpretations. By the 

above ammandnient of condition 5, the system [D, T] is not dense. Hence, 

it also is not complete. Under these interpretations the preceding informal 

proof establishes that if we ware to map each and every behavioral event 

in 0 v/ith one and only one point along L in such a manner that "precedes 

in tijne" is preserved by "to the left of," this mapping would leave a gap 

on L bot'/eon every pair of nonidentical points (s . , s.) such that s. is to 

JL 3 ^ 1 

tho loft of s.. " 

''iil".'^.'C'PAl C^'-PX.^At/LKl^iPn of *''?P9l U.' The appropriate numerical 
rjpreson tuition of rodel II is the series 0, ±1, t2, f3, ... of integers. 
Jhrit is, if 5' is i n to rpro ted as tho set of all intefjors and P* is inter- 
Drered is tho nilatiori "Ic-.s than," then the system [S*, P'] is a iP.odel 
of ^h*• :.orir;^ of intfjfj:?rs. As was the case for tho real number roprcsont- 
ati'jri of Mol'l I, th'j pro^;crtio:. of the series of integers arc well-known. 
Th^;...' |)r.)}K.Tti"> ,.ir.' >i:vly Grd'jrinrj, complete unuo:JMdc"ln«.">s , dnd our 
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a;i3JijnJjU version of condition 5 [e.g., cf. IJEAUMOMT and MIERCE, 1953; 
FEFlRMAN, 196;; NIVEN, 1961]. In other words, the integer axioms are 
our conditions for discontinuity. Hence, if each and every integer is 
piap^e.i with one and only one point along L in such a manner that "less 
than" 15. preserved by "to the left of," the mapping would leave a gap 
on L bi-'twoen every pair of nonidentical points (s^^. , Sj) such that s^ is 
to the loft of 

Models III : PajJtJaJ_ Discontinuit y 

StJ_tc:r.c.\nt of Uie^ niode 1_. It is stipulated that all the necessary 
conditions for continuity (i.e., 1 through 5) hold for the system [S', P'] 
but that the sufficient condition for continuity does not hold. The sixth 
condition is ammended as follows: For any ordinal partitioning of S' into 
the nonempty subsets and N' such that l/P's^' for every £. ' eM' and 
every s . ' - N', if there is no s ' cM' such that s.. 'P's ' for every other 

""sj ■nil •nil 

nonidentical s,. 'cM' then there is always soir.o s„'eN' such that s VP's.' 

' _ — fl^ -HI —J 

for evory other nonidentical ' cH'. Thus, whenever the "lower" subset 
of the partition contains no "last" element, the "upper" subset must 
co.'T:iin a "fir. t" elcvcnt. Suppose that we again mp each and every 
ele;r;ni of S' with one and only one point along L in such a manner that 
trv? rjld^ion P' on S' is preserved by the relation P on L. Another informal 
proof 3hoy/; that th'- res'jll of f^: S' > S must bo tiie third of the throe 
ouK'jj -v\ d'jsrril'jd i:^r] jor: 

Supp'j.? tii'it S' is crdin-illy partitioned such that the nondnpty 
suii, *V ..nr\ ;;• ur'«, r-.spf.'ctivily , tfio "lov/t;r" and "upper" subsets of 
th-» ;ij.'tiMoM. Z'tpy.r.f' jI .o Lliul. M' ha", no "Id'jt" clOiiirjnt. Finally, 
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suppose that M is the nonempty subset of S onto which £: S' > S maps 
the elements of M' and that N is the nonempty subset of S onto which f; 
S' ► S maps the elements of N', 

(1) By our amendment of condition 6, there is some s ' eN' such 

— n 

that s^'P'l^' for every other nonidentical s_.' eN'. Hence, there is no 
s.' ^:S' such that s.'P's 

(2) Because f: S' > S preserves the relation P' on S', the nonempty 

subset :\ must be the "upper" subset of some ordinal partition of S. By 

condition 6, there may or may not be some s„ e S such that s Ps^ for every 

— n Hi^ ~j 

other nonidentical £. uN. 

J 

(3) Assume that there is no s^ f : N such that s„Ps. for every other 

-il — fl_ —J 

nonidentical s. -tN. Consider the element s^ of M that the element s ' 
"i -HI 

is mapped with. By assumption, there must be some s.eN such that s.Ps . 

— j_ —jt_ --n_ 

However, by statement 1, there can be no s.' c N' such that s.'P's 
Decauic h S' ^ S preserves the relation P' on S', there can be no s_.' cN' 

J 

such that s.' is mapped with s. by f. Thus, f: S' ->• S leaves a gap 

on L bf.'tween M and s„. 

— n 

(4) O.i the othor hind, assume that there is some _s^ c N such that 
s„Psj for all other non identical ij cN. Under this assumption the converse 
of statc.rent 3 holds and _f: S' ► S does not leave a gap on L between M 

(5) Statorrifjnt 3 may generalized to all ordinal partitions of 
th*? "^jztf'r. ['i, P] in which th« "uppor" subset has no "first" element. 
Sta^O!:"jfil; 4 i.iriy be? cjcneral i /od to all ordinal partitions of the system 
[S, P'J in \io\rh th- "up;>pr" suasct has a "first" cler/Mnt. 
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Deve1opn.jnt<i1 ropres entation of Model UJ. Suppose we again inter- 
pret S' as U and P' as T. By assumption, conditions 1 through 5 for 
continuity hold undsir these interpretations. By our ammendment of 
condition 6, the system [D, T] is not complete. Under these interpretations, 
the preceding informal proof establishes that, if we were to map each and 
every behavioral event in D with one and only one point along L in such a 
maimer that "precedes In time" is preserved by "to the left of," this 
mapping would leave a gap on L between some pairs of nonidentical points 
(.li » ij^) such that i^-PSj. The pairs of points betv/een which gaps are left 
are those for which: (1) s^. is a member of the "upper" subset of some 
ordinal partition of that has no "first" element; (2) s^. Is mapped with 
the "first" element of the "upper" subset of some ordinal partition of 
[S', P']; (3) s^ is a member of the "lower" subset of the same ordinal 
partition of [S, P] and that "lower" subset has no "last" element. On 
tho othsr hand, when s_j is the "first" element of the "upper" subset of 
sor'2 ordinal purtition of [S, P] whose "lower" subset, of which s^. is a 
ni.Tibar, has no "last" element, the mapping of [S', P'] onto L leaves no 
qap betviOcjn s . and s . 

Vi'R-ili y i "^/^PI'/^^^^^ If S'is interpreted as the 

*;et of :ill rational n-jntbors rind P' is interpreted as the relation "less 
th'in," thi-'M th<' systo.-i [^', S'] is d m&i] of cne rotion.il numoers. In 
otJirjr v/>rd-,, the seri'^j of rdtional nj.'mbors is the appropriate inter- 
prot'itinn of ?!o'J'.'l III. A rational num!)or dfj-iin is Lakfjn to bo any nu.iber 
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that Ccirj be expressed in terms of a quotient of the form a/n, where n 
is any number from tin? set 1, 2, 3, ... and a is any number from the set 

0, ^1 , i2, i3 As was the case for the numerical representations 

of Models I and II, the properties of the series of rational numbers are 
well-known. These properties are simple ordering, complete unboundedness, 
density, and incosnple tones s [e.g., cf. BEAUMONT and PIERCE, 1963; FEFERMAN, 
1964; NIVEN, 1961], Hence, if each and every rational number is Mapped 
with one and only one point along I in such a manner that "less than" is 
preserved by "to the left of," the mapping will leave gaps between all 
pairs of nonidentical points (s . , Sj) such that s^.Psj for which Sj is a 
nuipbcr of the "upper" subset of some ordinal partition of [S, P] that has 
no "first" elerant and s. is a member of the "lower" subset of that same 
ordirul partition whore the "lower" subset has no "last" element. 

General Discussion 
.'Jccording to tfie present analysis, then, it is the behavioral versions 
of tnu* properties of density and completeness which differentiate the 
three 5tdte.:ionts about belkivioral developm3nt with v/hich we began. The 
'ildt-:.':-:r.t V^-it l»ehavioral dovelop> '-«rit is continuous is reducible to the 
contnntion thnt, lib..' L. th? system [D, T] is botfi dense and complete. 
Tm.; 'Urit;:".'.-!!: th<3 1 Ik' M . I V 1 0 Til 1 devolopr,?nt is discontinuou'i is reducible 
to tn:- ^on^ontion that, lif'-" tfie iritoc;t?r-. , the systeri [U, T] is neither 
'1 •.'!-.•' r.or cor.:;.lotn. Tfr; i Ut-'r::ont that behavioral development is partially 
di sC'iiUfiu-iUS ('tri'l, th' r.'fo.v , part i 'il ly con t inuou.s) i<^ reducible to the 
K<jnK-f\' \on th.jt» lit:'; t"; ? r.ition i1 ■> , the 'iyitc.n [D, T] is dense but not 
C'l! 'pl'.'t^:. 
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It Is obvious that tliosL* thrue results apply to ndrTc^ly defined 
content artMs of l.ehaviorMl development just as readily as they iipply to 
l);}h.iviord] J.'volopRent In general. For purpose's of nwximuni generality, 
v.j a;'. i p.jj the eler.ients of 0 their broadest possible empirical inter- 
pt^'tatioHN ifi our preliminary definition. It will be recalled, however, 
thit. e<\ch of ojr three forr.il models were formulated with reference to an 

.Crj .t s>^fj;n [S', P'] wMch v^as^ ossigne^^ intcr- 
J^^-'.-A'-.'^ll- '^1 ore fore, if one wishes to restrict the continuity question 
to Sv>'-- narrowly defined content area such as social development, por- 
c";)t:..i] d-jv-lopi-ent, language development, etc., then one has only to 
rt:int-.'r:>'--^. t-- cK/enS of 0 in an ^pproprifUe m.mner. In view of the 
f<izi tnu t/;„' coiitin-.ii ty question traditionally has been posed for 
r-.tri .^.-J l.:>havi:>ral con*-';nt areas such as tiiose just noted rather than 
fir J/ iorol djv- lop ivn t as a whole, th- general izabil i ty of the present 
I, !';y cif\l all '.'jch content areas is a point of considerable 

!•• -a t if. > i ,r- i f i cari.c . 

" '\''.'-^> ,.-kJ fMrM -il_ Hi St' nt iri'ii ty 
'• '-' !' i •'■/ of I'n , -(.ily,! . ha'-. U:-,-n to p^-fiviJ? a 
• ■'■ • ic- !.' i- ,•' fh-' tlir-,- , t.j f ^•; ..r, t . vn th v/;iK.h wo began 

' ■'' ' ' ' ' '.h-?ir rf; .>-r.tiv«- val i<li ty, it should b? 

■ ' ■ • -tit' (,if.!, f.n-r'.for.; , ti;ir corr.'^fioiviinr. 
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It is obvious that those t'oroe results apply to narrowly defined 
content areas of behavioral development just as readily as they apply to 
behavioral development in general. For purposes of maximum generality, 
w£! assigned the elements of 0 their broadest possible empirical inter- 
pretations iM our preliminary definition. It will be recalled, however, 
that each of our three formal models were formulated with reference to an 
abstract systcMn [S*, P'] v.hich was assigned no particular empirical inter- 
pret_atjon. Therefore, if one wishes to restrict the continuity question 
to some narrowly defined content area such as social development, per- 
ceptual development, language development, etc., then one has only to 
reinterpret the elements of D in an appropriate manner. In view of the 
fact that the continuity question traditionally has been posed for 
restricted behavioral content areas such as those just noted rather than 
for behavioral development as a whole, the general izability of the present 
analysis to any and all such cont<>nt areas is a point of considerable 
pra^fMtic significance. 

P.?Jl^L"illiy. Partial^ Discont inuity 

Although the primary aim of this analysis har, been to provide a 
purely for:-]] explication of the three statements with which we began 
r-i'-hor than to pass Judgment on their respective validity, it should be 
0' :.''ry:"] Uut tho throe 'itaterents (and, therefore, their corresponding 
forrn.il ^o'lf;]^) ,ire not of equal importance- from the standpoint of existing 
d"7i»!o,, -nf;/,! tiif.'orios . Tho tontinii 1 ty r-od^l certainly would have a large 
groj,» of dWijvront', d.-fiong contor.pyrary dovelopmental psychologists. Also, 
the -.l.iV-ror.v that hohdviorjl d^jvilopm-^nt is at least, pirtially discontinuour. 
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has been forcefully advocated by developwental theorists who subscribe 
to the so-cdlled "orcjanismic" viewpoint [e.g., INHELDFR, 1962; PIAGET, 
1956. 1960; WCRfJER. 1948. 1957]. However, the statement that behavioral 
devolop..:ent is completely discontinuous currently has no identifiable 
group of advocates. Hence, although all three of our models certainly 
are of formal interest, only Model I and Model II could be termed 
"important" by the criterion of existing developmental theories. 

A noteworthy point follows from the fact that Model II seems to 
be of only academic significance at present: For practical purposes, the 
continuity question (regardless of whether it is posed for behavioral 
development as a whole or for some narrowly defined content area) reduces 
to a difference of opinion over the completeness property. This point is 
noteworthy because I think it is somewhat counterintuitive. Intuitively, 
it is the fact that one can always find an element between any two given 
clcii:onts (dunsity) that see.ns to capture the essence of continuity. The 
truth of this contention is- suggested by the fact that the density property 
of continiici was discovered some 2500 years before Dedekind discovered 
th-7 cor plL'tt?n-3s property. Given presently available developmental 
th'-'orios, hovnver. the density property is not an important issue at all. 
It is by virtJi' of the completeness property that continuous and partially 
dl3'.:oritir uo^i, 3t'itc'i."ynts about beh^vio^al development arc to bo distinguished. 

In Vic; of the proccdinrj cldinu. som« brief remarks should be made 
MV)'it h'jw, in torn-, of our forral models, one goes about postulating 
eitfi'jr c''.'itifi!jity or partial discontinuity in somo specific content area 
or ivh-j7i..r.i] d vplopr-^nt. There is only one way to postulate continuity: 
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If we stipulate that the domain D contains as many elements as there 
are points on L, then the system [D, T] satisfies Model I. Or, more 
precisely, Model I is satisfied by [D, T] if the cardinal numbers of D 
and L are identical. In contrast, partial discontinuity can be postulated 
in a variety of more or less equivalent ways. Generally speaking, if the 
cardinal number of D is tne same as the cardinal number of ti.e set of all 
rationals. then [D, T] satisfies Model III. Two overlapping versions of 
partial discontinuity have been posited in the writings of organ smically- 
oriented developmental theorists: (1) some behavioral content areas are 
characterized by completely continuous development (typical examples: 
perception, fine motor skills) while other content areas are characterized 
by at least some discontinuous development (typical examples: cgnition, 
language); (2) in some or all behavioral content areas, "phases of 
continuity alternate with phases of discontinuity [IMHELDER, 1962, p. 24]." 
These two forms of partial discontinuity may be said to overlap because 
the second constitutes 3 definition of the notion of "at least some 
discontinuous development" mentioned in the first. Only the second of the 
two forrn'> seens to characterize WERNER'S developmental theory [cf. WERNER, 
1948. 1057]. flowevor, both of these forms of partial discontinuity are 
f:v>ntionef! in PIAGET'S theory [cf. PIAGET. 1956, 1060, 1967; PIAGET and 

r:;;iF:LD^:;j, i969; immeldeh, 1962]. 

npcaur.o t'nn point of departure for the present analysis was an extant 
theoretical prohU-ni, this paper lias been concerned primarily with conciptudl 
isou.;:.. It th';rp?fore v/ould seem apparent that increased theoretical 
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precision is the principal benefit to be derived from the analysis. 
It turns out, however, that certain aspects of the analysis also bear 
on the methodological problem of how the continuity question is to be 
researched. Explicitly, certain aspects of the analysis suggest 
methodological innovations which might result in a more perspicuous 
empirical formulation of the continuity question than those which hav«» 
been common in the developmental literature to date. In closing, I shouU 
lilce to discuss some of these innovations briefly. 

As EMMERICH [1964, 1966] and others [e.g., AUSUBEL, 1954] have pointed 
out, developmental research on the continuity question traditionally has 
been predicated on one or the other of two empirical formulations of the 
question: "The first considers behavioral continuity over time and asks 
if needs, acts, cognitive operations, etc. are essentially the saine at 
various periods of development .... The other approach defines the 
continuity issue in termu of individual stability . Here, the essential 
question is whether distinctiveness of the individual relative to others 
is maintained throughout development ... [EMMERICH, 1964, pp. 311-312]." 
In line with EMMERICH'S description, these contrasting approaches may be 
termed the nomothetic and idiogriiphic Formulations of the continuity 
quof^ti'jn. rcr.poctivcly. Unfortunately, both formulations share a well- 
known lo'jic'^i v/edknois of which most developmental psychologists are only 
too p-jinfully nvinr':, namely, "How much is enouqh?" The empirical findings 
addticod in th- context of either formulation are principally correlational. 
Neither forrrulition tnndr, to produce oithnr correlations that approach 
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the square rout of the reliability of ona's nujasurcs (complete continuity) 
or in correlcUions that approach zero (partial discontinuity). Moderate 
correlations tond to be the rule. Hence, questions of the form, "How 
much stability equals continuity?" and "How much instability equals partial 
discontinuity?" invariably crop up. Obviously, answers to such questions 
will be fundain£»n tally arbitrary. 

The present analysis suggests an ei!ipirical formulation of the 
continuity question which is both more precise and logically less suspect 
than either of the preceding formulations. It will be recalled that each 
of the three modeU developed above has a numerical representation that 
corresponds to one of three well-known number systems. In view of the fact 
that the axioms of the relevant number system and the formal properties 
of behavioral development are isomorphic in each of the three nwdels, it 
fol Iov/> that alj^ and[ every theorem of the relevant n umber system is also ^ 
theoror.i 0/ bohavioral dovelopnent in each instance. That Is, every 
st.iteiiient that is true about the relevant number system for the model also 
M'ist hold for behavioral development. (In mathematics, systems with 
isomorphic axiom sets are termed "catefjorical ." One important property 
of categorical systems is that their theorems arc the same [e.g., cf. 
srAf)Lf:R, 1053].) Of course, it is n^.cQz^ary to assicn th? axioms of each 
i;:ndf:'l their devnlo.oniontdl interpretations before the number theorems 
b'^rori.n for:]\] theoronio oF development. In prin«:iple, then, the empirical 
v.ilidi»:y of our three 'it'itomonts about bohavioral development may be 
di f ffironti jlly assor-.e l for distinct behavioral content areas as follows. 
Fir'it, d"riv(; tho foi l ■v/in^j theoroiii S'.'t'i: intcfj'jr theorems, rational > 
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nuin{)or theorems, real number theorems. Second, choose the following 
subset of theorems from each set: those theorems which serve to 
differentiate that set from the other two theorem sets. Third, assign 
the axioms of each number system their developmental interpretations. 
Fourth and finally, conduct empirical studies of each theorem subset chosen 
in step two. The model that is isomorphic with the number system whose 
theorem subset receives the most consistent support from the data then 
will be taken to be the appropriate model for development In the behavioral 
content area under Investigation. 

The procedure just outlined is far less complicated than it sounds. 
Number theory is one of the oldest and most extensively researched branches 
of pure mathematics. The important theorems on which the Integers, rational 
numbers, and real numbers differ are well-known and they may be found In 
all standard works on the common number systems or the foundations of 
algeb-a [e.g., FEFERMAN, 1964; BEAU.MONT and PIERCE, 1963]. Hence, the 
rrost difficult part of thj procedure already has been completed. The first 
and second steps require nothing more than a careful search of the number 
theory literature. Because the third stop is simply interpretational , It 
is only the final step that remains to be executed whenever one wishes to 
apply this procedure to any given behavioral content area. 
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Footnote 

Mt is possible to stdte the conpleteneiis property in the opposite 
Runnor--i .e. , whonaver the "upper" seyinont of an ordinal partition of a 
continuous system contjinj no "first" element, the "low2r" segment of that 
Sana ordinal partition may or may not contain a "last" element. These 
two formulations of tlio completeness property are equivalent. As a matter 
of convention, however, mathematicians typically use the formulation 
appear incj above [LUCHI.iS and LUCHINS, 1965]. 
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